Abstract. Motivated by growing interest in evolutionary network theory, we construct the first examples of undirected graph structures acting as reducers of selection. This means that the average fixation probability of an advantageous invader individual placed at some node is strictly less than that of this individual placed in a well-mixed population. Computer aided techniques are used to obtain an exact analytical expression of the fixation probability proving that selection is effectively reduced.
Introduction
Evolutionary dynamics has been classically studied for well-mixed populations, but there is a wide interest in the evolution of complex networks after site invasion. The process transforming nodes occupied by residents into nodes occupied by invaders or mutants is described by the Moran model. Introduced by Moran [9] as the Markov chain counting the number of invading mutants in a well-mixed population, it was adapted to weighted graphs by Lieberman et al. [7] and Nowak [10] , see also [5, 11, 12, 14] . For undirected networks where links have no orientation, invaders will either become extinct or take over the whole population, reaching one of the two absorbing states, extinction or fixation. The fixation probability is the fundamental quantity in the stochastic evolutionary analysis of a finite population.
If the population is well-mixed, at the beginning, one single node is chosen to be occupied by an invader individual among a population of N resident individuals. Afterwards, an individual is randomly chosen for reproduction, with probability proportional to its reproductive advantage (1 for residents and r ≥ 1 for invaders), and its clonal offspring replaces another individual chosen at random. In this case, the fixation probability is given by In evolutionary network theory, the nodes are occupied by resident or invader individuals and the replacements are limited to the nodes which are connected by oriented links. According to the Circulation Theorem [7] , any weight-balanced network has the same fixation probability as the well-mixed population of the same size N . In the undirected case, this means that the temperature T i = j∼i 1/d j of every vertex i (where j is a neighbor of i and d j is the number of neighbors of j) is constant. But there are graph structures altering substantially the behavior of the fixation probability depending on the fitness. For example, the (average) fixation probability in the oriented line is equal to 1/N and the reproductive advantage of the invader individuals is completely suppressed. But in the directed case, absorbing barriers may In the star graph K 1,m , the center is connected with m peripheral nodes. The vertex set of a complete bipartite graph K n,m is divided into two disjoint sets where each element of the center is connected to peripheral nodes not be accessible from any state, and the fixation probability may be even null, see [2] for an example. Thus, we focus our attention on undirected networks where absorbing barriers can be reached from any state. As showed in [7, 10] , see also [6] , there are directed and undirected graph structures that asymptotically amplify this advantage. The fixation probability of a complete bipartite network K N −m,m converges to the same limit as the fixation probability (2) Φ 2 (r) = Φ 0 (r 2 ) = 1 − r
of the Moran process with fitness r 2 as m → ∞ and N − m is constant [2] . Assuming that fitness differences are amplified or reduced for network sequences of increasing size, a notion of amplifier and suppresor of selection has been introduced in [1] for several initialization types (describing the initial distribution of the invasion process).
Here we always assume that the distribution is uniform: the probability of a node will be occupied by the initial invader is equal for all the nodes. We say that a network is an amplifier of selection if the fixation probability function Φ(r) > Φ 0 (r) and a reducer of selection if Φ(r) < Φ 0 (r) for all r > 1. Notice that Φ(1) = 1/N and these inequalities must be reversed for r < 1. Due to the exact analytical expression given by Monk et al. [8] using martingales, one can see that star graphs and complete bipartite graph are amplifiers of natural selection whose fixation functions are bounded from above by Φ 2 (r). One would also think that the fixation function is always bigger or equal than that of a well-mixed population of the same size, denoted by Φ 0 . The aim of the paper is to prove that it is not true, exhibiting examples of graphs with 6, 8 and 10 vertices which are reducers of selection. From the point of view of robustness against invasion defined in [3] , these graphs are more robust that complete graphs (being now necessary to add a sign to Φ − Φ 0 ∞ = sup r≥1 |Φ(r) − Φ 0 (r)|).
Results

2.1.
Mathematical model. Let G be a connected undirected network with node set V = {1, . . . , N }. Denote by d i the degree of the node i. The Moran process on G is a Markov chain X n whose states are the sets of nodes S inhabited by invaders at each time step n. The transition probabilities are obtained from a stochastic matrix W = (w ij ) where w ij = 1/d i if i ∼ j and w ij = 0 otherwise. More precisely, the transition probability between S and S ′ is Figure 2 . Graphs of size 6, 8 and 10 in the l-family.
given by
where r > 0 is the fitness and
is the total reproductive weight of invaders and residents. The fixation probability of each subset S ⊂ V inhabited by invaders Φ S (r) = P [ ∃n ≥ 0 : X n = V | X 0 = S ] gives a solution of the linear equation
Since G is undirected, the only recurrent states are S = ∅ and S = V . Hence Eq. (3) has a unique solution [13] . The (average) fixation probability is given by Φ(r) =
It is a rational function depending on the fitness r ∈ (0, +∞). Notice that Φ(r) may be calculated using the Embedded Markov chain (EMC) instead of the standard Markov chain (SMC), both associated to the process, making the total reproductive weight disappear from the calculations [2] .
2.2. Reducers of selection. We call l-graph an undirected graph obtained from the complete graph K 2n by dividing its vertex set into two halves with n vertices and adding 2 vertices. These new vertices are interconnected and each one of them is connected to one of the halves of K 2n . Graphs l 6 , l 8 and l 10 of size 6, 8 and 10 are shown in Fig. 2 . We shall prove that l 6 , l 8 and l 10 are reducers of selection having fixation function Φ(r) < Φ 0 (r) for all r > 1. Although we can calculate the exact value of Φ(r) for each fitness value [4] , an exact analytical expression for Φ is needed to compare it with Φ 0 . Unfortunately, the elegant martingale technique of [8] , which was successfully used to calculate Φ for star and complete bipartite graphs, is not useful for the l-family. However, Φ(r) is a rational function with numerator Φ 1 (r) = i a i r i and denominator Φ 2 (r) = i b i r i polynomials of degree less or equal to 2 N − 2. Because of the system of linear equations Eq. (3) can be reduced using the symmetries of G, we can lower this bound to a quantity d. Hence, we should compute the 2(d + 1) coefficients involved in Φ(r). Since Φ(r) converges to 1 as r → +∞, we can assume that a d = b d = 1. We replace Eq. (3) with the system of 2d linear equations
which arise from evaluating Φ(r) for integer and rational values of r ∈ {1, . . . , d+1, 1/2, . . . , 1/d}. Once the fixation functions Φ of the graphs l 6 , l 8 and l 10 has been been calculated solving this system, the sign of the numerator ∆ 1 and the denominator ∆ 2 of the rational functions ∆(r) = Φ 0 (r) − Φ(r) are analyzed in order to prove that ∆(r) < 0 for all r > 1. The exact values of Φ and ∆ are given in appendix.
Discussion
Motivated by interest in the robustness of networks against invasion, we proved that there are graph structures acting as reducers of selection. For fitness values r > 1, the average fixation probability Φ(r) of an advantageous invader individual placed at some node is strictly less than that of this individual placed in a well-mixed population. For neutral drift r = 1, both probabilities Φ(1) and Φ 0 (1) are obviously equal, whereas the average fixation probability Φ(r) becomes strictly greater than Φ 0 (r) for a disadvantageous invader with fitness r < 1. Computer aided techniques has been used in order to obtain an exact analytical expression of the fixation probability for three examples of size 6, 8 and 10, but new methods are needed to prove that all l-graphs are reducers of selection. 
